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Abstract
We construct twisted Calogero-Moser (CM) systems with spins as the Hitchin systems
derived from the Higgs bundles over elliptic curves, where transitions operators are defined
by an arbitrary finite order automorphisms of the underlying Lie algebras. In this way we
obtain the spin generalization of the twisted D’Hoker- Phong and Bordner-Corrigan-Sasaki-
Takasaki systems. As by product, we construct the corresponding twisted classical dynamical
r-matrices and Knizhnik-Zamolodchikov-Bernard equations related to the automorphisms of
the Lie algebras.
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1 Introduction
We consider a class of integrable systems similar to those that introduced some time ago in two
cycles of works [4] and [19]. It is so-called twisted elliptic Calogero-Moser (CM) models related
to a simple group G. Implicitly, they were appeared independently in the work of Etingof
and Schiffmann [8] devoted to classification of dynamical classical r- matrices. This type of
r-matrices were introduced in [10]. In this paper we identify these system with a specific class
of the Hitchin system related to elliptic curves Στ (τ is the modular parameter) and in this way
associate them with special Higgs bundles over elliptic curves.
It was discovered in [17] (see also [7, 32]) that the standard SLN CM systems can be con-
sidered as a Hitchin system related to the trivial Higgs bundle over an elliptic curve with a
marked point. This approach was generalized to elliptic CM systems related to arbitrary simple
Lie groups and topologically non-trivial Higgs bundles in [27, 28]. Simultaneously, the dynam-
ical classical r- matrices were derived in the similar way via the Poisson reduction from the
canonical structure on the Higgs bundles (see also the earlier works [5, 6]). The underlying holo-
morphic bundles in this construction are defined by two transition operators, satisfying some
commutativity conditions. If their group commutator is the identity element, then the bundle
is topologically trivial. In this case we come to the elliptic CM systems with spin [16, 21, 37].
If the group commutator is equal to a non-identity element of the centerZ(G), the bundle is
nontrivial. It is described by the characteristic classes defined as an element of H2(Στ ,Z(G)).
The moduli space of these bundles, the corresponding elliptic CM systems and dynamical r-
matrices were considered in [27, 28].
In this paper we replace one of the transition operators by the finite-order automorphisms
of the corresponding Lie algebras. We describe the moduli spaces of the trivial and nontrivial
holomorphic bundles obtained in this way in terms of the quotient of Cartan algebras with
respect to the action of the Bernshtein-Schwarzman group (4.32), (4.53), (4.67). We construct
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the corresponding Higgs bundles and twisted CM systems. 1 In addition to the Lax operators
and the Hamiltonians (5.23), (5.25) we derive the classical dynamical r-matrices (6.2). They
govern the Poisson structures of the corresponding systems. In such a way we partly cover
the classification of the classical dynamical r-matrices [8] based on symmetries of the extended
Dynkin diagrams. The moduli spaces of the dynamical r-matrices are defined by the moduli
spaces of the corresponding holomorphic bundles. They were intruduced and studied in [9]. The
r-matrices related to all finite automorphisms of simple Lie algebras coming from the trivial
bundle were constructed in [10].
In particular, for the CM systems we come to results closed to [4] and [19]. It should be
note that the systems considered in those papers are spinless CM systems related to a simple
group G, while in our case we come the CM systems with spin. They can be considered a
generalization of CM type systems described in [21]. To come to the spinless systems one should
specify representations of the underlying Lie algebra, as it was done in [4, 19]. Another approach
to the spinless systems developed in [20] is based on the equivariant embedding of G in GL(N).
Note, that the Hitchin type derivation of the twisted Calogero systems was proposed also in
[24].
Following the general prescription [13, 15] we construct the Knizhnik-Zamolodchikov-Bernard
(KZB) connection using the classical r-matrices. It is flat connection in the bundle of conformal
blocks over the moduli space of elliptic curves with marked points. The conformal blocks define
the correlators in the WZW theory on elliptic curves. The fields in the theory considered in
this paper satisfy the specific quasi-periodicity conditions. The monodromy of the fields around
one of the cycles is defined by the outer automorphism of the underlying simple algebra. This
construction is very similar to one proposed in [25, 29].
Acknowledgments.
The work of M.Olshanetsky was performed at the Institute for Information Transmission Problems with
the financial support of the Russian Science Foundation (Grant No.14-50-00150)
2 General construction
Let Σg be a Riemann surface of genus g, G is a simple complex Lie group, and g its Lie algebra.
Let P be a principal G-bundle over Σg and EG = P ×G V is the associated bundle (V is a G
module).
We will pay a special attention on the case, when V is the Lie algebra g with the adjoint
action AdG of G on g. In this case we deal with the adjoint bundle AdG = EG ×AdG g. The
fibers of the bundle carry the Lie algebra g structure.
The Higgs bundle H(G,Σg) over the Riemann surface Σg is the pair (EG,Φ), where Φ is a
Higgs field. It is a holomorphic 1-form on Σg taking values in EndEG.
Here we investigate the Higgs bundles over the elliptic curves (the genus one case) and
construct the corresponding integrable systems.
2.1 Holomorphic bundles over elliptic curves
Our first goal is to describe the moduli spaces and to classify the topological types of these
bundles, when Σg is an elliptic curve Στ ∼ C/(τC⊕ C), (Im τ > 0).
The moduli spaces Bun(Στ , G) can be defined in the following way [1, 3, 30]. Let ρ1 and ρτ
be two generators of the fundamental group π1(Στ ) corresponding to the shifts z → z + 1 and
1For the trigonometric (Calogero-Sutherland) systems the similar approach was developed in [11, 12].
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z → z + τ satisfying the relation
ρ1ρτρ
−1
1 ρ
−1
τ = 1 . (2.1)
The sections of a G-bundle EG(V ) over Στ satisfy the quasi-periodicity conditions
ψ(z + 1) = A(z)ψ(z) , ψ(z + τ) = B(z)ψ(z) , (ψ ∈ Γ(EG(V ))) , (2.2)
where the transition operators (A,B) should respect (2.1)
A(z)B−1(z)A−1(z + τ)B(z + 1) = 1 . (2.3)
By definition, these transition operators define a topologically trivial bundle.
Let ζ be an element of the center Z(G¯) of the universal covering group G¯. To come to a
non-trivial bundle replace (2.3) by equation
A(z)B−1(z)A−1(z + τ)B(z + 1) = ζ . (2.4)
A bundle E˜ is equivalent to E if its sections ψ˜ are related to ψ as ψ˜(z) = f(z)ψ(z), where f(z)
is invertible operator acting in V . It follows from (2.2) that transformed transition operators
have the form:
Af (z) = f(z + 1)A(z)f−1(z) , Bf (z) = f(z + τ)B(z)f−1(z) . (2.5)
These transformations form the group of automorphisms G (the gauge group) of the bundle EG.
According to [31] these the transition operators can be transformed to constants (see below
Proposition 4.2). Thereby, (A,B) form the projective representation of π1(Στ ). The moduli
space of stable holomorphic bundles over Στ can be defined as
Bunζ(Στ , G) = {[A,B−1] = ζ}/G , ζ ∈ Z(G) . (2.6)
It was proved in [3, 30] that Bunζ(Στ , G) for ζ = 1 is isomorphic to a weighted projective space.
Consider the universal covering group G¯ and the quotient group Gad = G¯/Z(G¯), where Z(G¯)
is the center of G¯
1→ Z(G¯)→ G¯→ Gad → 1 . (2.7)
Then for the analytic sheaves over Στ we write the exact sequences
1→ Z(G¯))→ G¯(OΣ)→ Gad(OΣ)→ 1 ,
Then we come to the long exact sequences
H1(Στ ,Z(G¯))→ H1(Στ , G¯(OΣ))→ H1(Στ , Gad(OΣ))→ H2(Στ ,Z(G¯)) ∼ Z(G¯))→ 0 , (2.8)
The first cohomology groupH1(Στ , G(OΣ)) of Στ with coefficients in analytic sheaves defines the
moduli space Bunζ(Στ , G) of the EG-bundles. The elements from H
2(Στ , G) are obstructions to
lift the Gad bundles to G¯ bundles. They provide the topological classification of the holomorphic
vector bundles
ζ(EGad) ∈ H2(Στ ,Z(G¯))− obstructions to lift EGad − bundle to EG¯ − bundle .
Definition 2.1 Images of H1(Στ , G(OΣ)) in H2(Στ ,Z) are called the characteristic classes
ζ(EG) of G-bundles.
The cotangent bundle T ∗Bun(Σg, G) to the moduli space is the moduli space of the Higgs
bundle over Σg. It is obtained from H(G,Σg) via the symplectic reduction. It is the phase space
of algebraically integrable system [18]. In the case T ∗Bunζ(Στ , G) we obtain the Calogero-Moser
type systems [17, 27, 28]. To derive in this way the twisted Calogero-Moser systems and twisted
Knizhnik-Zamolodchikov-Bernard equations we replace the transition operator A (2.2) on an
outer automorphism of the underlying Lie algebra.
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3 The finite order automorphisms of simple Lie algebras
3.1 Inner and outer automorphisms
The group of finite order automorphisms of simple complex Lie algebra g is a semidirect product
of the subgroup of finite order inner automorphisms Inn(g) and the outer automorphisms Out(g)
1→ Inn(g)→ Aut(g)→ Out(g)→ 1 .
Therefore, the outer automorphisms form the quotient group Out(g) = Aut(g)/Inn(g).
Let G be a simple complex Lie group and Lie(G) = g. The outer automorphism group
Out(G) of the group G is the quotient Aut(G)/Inn(G), where
Inn(G) = {ιh g → hgh−1} ∼ Gad
is the subgroup consisting of inner automorphisms. The outer automorphism group Out(G) is
dual to the center Z(G) in the following sense. The inner automorphism ι of G leads to the
short exact sequence:
Z(G) →֒ G ι→ AutG → OutG .
Here Z(G) = Ker(ι) and Out(G) ∼ Cokernel(ι).
The Aut(g) action has the following description [22, 23, 35]. Let us fix a Cartan subalgebra
h ⊂ g and system of simple roots Π = Π(g). Define group Aut(g, h,Π) of automorphisms
preserving h and Π. Let Had = exp ad (h) be a maximal torus in the group Gad and Aut(Π) is
a group of symmetries of the Dynkin diagram corresponding to Π. Then
Aut(g, h,Π) = Had ⋉Aut(Π) , (3.1)
and the general automorphisms are represented in the form Aut(g) = Aut(g, h,Π) · Inn(g).
Our goal is to construct a basis in g compatible with the Aut(g) action. It is presented in
Appendix C.
3.2 Generic finite order automorphisms automorphisms
In this subsection we follow [22, 23] (see also Appendix C).
We define the general automorphism of order p using (3.1). Let g0 be the invariant sub-
algebra of ν (C.13) and h0 its Cartan subalgebra. Using this structure we can represent the
automorphism σ ∈ Aut(g, h,Π) (3.1) in the form
σ = ν exp
(
2πı
p
adκ
)
, κ ∈ h0 . (3.2)
Let (s0, s1, . . . , sn) be nonnegative integers without nontrivial common factor and
p = r
n∑
j=0
ajsj , (ν
r = Id) , (3.3)
(see (C.8)). The general automorphism σr,s of g is defined by its action on the root subspaces
(Eα˜k , α˜k ∈ Π˜ , (C.7) , E−α˜0 , (C.8))
σr,sEα˜k = e(rsk/p)Eα˜k , k = 0, . . . , n . (3.4)
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If ν = Id it is the adjoint action of the invariant torus Had0 = exp
(
2πı
p adκ
)
, (κ ∈ h0) on g.
Define the element κ ∈ h0 by its expansion in the coroots basis Hj (C.27)
κ =
n∑
j=1
cjHj ∈ h0 ,
such that Ad
e(κ) = σ1,s. Then the coefficients cj are defined as follows. Let (a˜)jk = 〈α˜k,Hj〉 be
the Cartan matrix corresponding to the twisted root system Π˜ (C.7). Then cj = (a˜
−1)jkskr/m
and
Q = e(κ) = exp

2πır
p
n∑
j,k=1
(a˜−1)jkskHj

 . (3.5)
ThenAdQEα˜k = e
(
r
psk
)
Eα˜k . It follows from (C.8) and (C.3 ) that e(
r
p
∑n
k=1 aksk) = e(− rpa0s0).
Thus,
σ1,sE−α˜0 ≡ AdQE−α˜0 = e(s0r/p)E−α˜0 (3.6)
and in this way σr,s really defines the automorphism of order p. It is generated by the action
(3.2)
σr,s = νQ = νe(κ) , ν ∈ Out(g) , νr = Id . (3.7)
The automorphism σr,s defines Z/pZ-gradation of the Lie algebra g
g =
∑
j
gj , σr,s(gj) = ωgj , ω
p = 1 . (3.8)
3.3 Loop algebras and loop group
Let L(g, t) = g ⊗ C[t−1, t]] be the loop algebra. It is a map C∗ → g. Define the action of the
automorphism σr,s on t as σr,s(t) = ωt. Consider equivariant maps L0(g, t, σr,s) ∈ C∗ → g with
respect to σr,s
L0(g, t, σr,s) = L0(σr,s(g), ω−1t) , L0(g, t, ν) =
∑
j
tjgj,mod p , (3.9)
where gj is defined in (3.8).
Let L(G) be the loop group corresponding to the G
L(G) = G⊗ C[t−1, t]] =
{∑
k
gkt
k , gk ∈ G
}
. (3.10)
Let N− be the negative unipotent subgroup of G and B is the positive Borel subgroup. Define
the loop subgroups
L+(G) = {g0 + g1t+ . . . = g0 + tL[t]]} , gj ∈ G , g0 ∈ B , (3.11)
N−(G) = {n− + g1t−1 + . . . = n− + t−1L[t−1]} , n− ∈ N− . (3.12)
Consider two types of the affine Weyl groups:
WP = {wˆ = wtγ , w ∈W , γ ∈ P∨} , WQ = {wˆ = wtγ , w ∈W , γ ∈ Q∨} . (3.13)
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They act on the root vectors as Eαˆ = Eαt
n → Ewˆ(αˆ) = Ew(α)tn+〈γ,α〉. For the loop groups we
have the affine Bruhat decompositions [34]
L(Gad) =
⋃
w∈W˜P
N−(Gad)wˆL+(Gad) , (3.14)
L(G¯) =
⋃
wˆ∈WQ
N−(G¯)wˆL+(G¯) . (3.15)
Consider the twisted loop group [33] with the Lie algebra L0(g, t, σr,s) (3.9). It is the subgroup
of the equivariant maps
L0(G,σr,s) = {g(t) |σr,s(g(t) = g(ωt)} . (3.16)
Let us look on its decompositions (3.14), (3.15)
L0(G,σr,s) = {g(t) = g−(t)tγg+(t)} ,
{
1. γ ∈ Q˜∨ , (C.31) for G = G¯ ,
2. γ ∈ P˜∨ , (C.30) for G = Gad . (3.17)
From (3.16) we find that σr,s(g±(t)) = g±(ωt) and
ωγtγ = tσr,s(γ) . (3.18)
From this condition we find that γ are not arbitrary, but satisfies the following conditions
(ωγ = 1 , tγ = tσr,s(γ))↔
{
1. γ ∈ pQ˜∨ for G = G¯ ,
2. γ ∈ pP˜∨ for G = Gad , (p = ord σr,s) , (3.19)
where P˜∨ and Q˜∨ are invariant coweight and coroot lattices (C.30), (C.31).
4 Holomorphic bundles over elliptic curves and automorphisms
of Lie algebras
We construct holomorphic bundles over elliptic curves as in Section 2.1 passing to the Jacobi
description of the elliptic curves as the quotient of C∗. Let t = exp 2πız/p = e(z/p) ∈ C∗, where
p =ordσ, be the parameter of the loop groups and algebras considered in previous Section. The
action on z of the lattice Z⊕ τZ in terms of t assumes the form
z → z + 1 t→ tω , (ω = e(1/p)) ,
z → z + τ tq˜ , (q˜ = e(τ˜) , , τ˜ = τ/p) .
In the coordinate t the curve Στ is defined as the quotient Cq˜ = C∗/Zq˜. We identify Cq˜ with
the annulus
Cq˜ = {t ∈ C∗ | |q˜
1
2 | ≤ |t| < |q˜− 12 } . (4.1)
4.1 Adjoint bundles
Let P be a principle G-bundle over Cq˜. Consider the bundle AdσG = P ⊗Gad g over Cq. Its
sections Γ(AdσG) = {Ψ(t)} are the equivariant holomorphic maps C∗ → g with respect to the
action of finite order automorphism σr,s (3.9).
Ψ(tω) = σr,s(Ψ(t)) , ω
p = 1 . (4.2)
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The transition operator corresponding to another cycle is
Ψ(q˜t) = R(t)Ψ(t) , (4.3)
where the R(t) action is the adjoint action, R(t) ∈ L(Gad) (3.14) for wˆ = 1.
The consistency condition of these transformations implies
σr,s(R(t)) = ζR(tω)σr,s , ζ ∈ Z(G¯) . (4.4)
If ζ = Id, then (4.4) means that R(t) ∈ L0(Gad, σ) (3.16).
The gauge group Gσ(G) is the group of automorphisms of the AdσG(Cq˜)-bundle. It follows
from (4.2) that it is the group of equivariant holomorphic maps (3.16). Remind that in the
decomposition (3.17) γ is not arbitrary but satisfies (3.19.2).
The group Gσ(G) acts on the transition operators as
R(t)→ f(q˜t)R(t)f−1(t) . (4.5)
This action preserves (4.4).
We attach to the marked point t = 1 a flag variety Flag ∼ G/P , where P is a parabolic
subgroup of G and assume that Gσ(G) preserves the flag. Then the gauge group is defined as
Gσ(G) = {f(t) : C∗ → Gad , f ∈ L0(Gad, σ) , f(t)|t=1 = P )} . (4.6)
Lemma 4.1 The bundle AdσG defined by (4.2), (4.3) is gauge equivalent to the bundle AdνG,
where ν is the diagram automorphism. AdνG is defined by the transitions of its sections
Ψ˜(tω) = ν(Ψ˜(t)) , ω = e(1/r) , (4.7)
Ψ˜(q˜t) = R˜(t)Ψ˜(t) , R˜(t) = Adt−pκR(t) , (4.8)
where p = ord σ and e(κ) is (3.5)).
Proof
Consider the gauge transformation f(t) = tx, where x ∈ h0. It follows from (4.2) that
σr,s
f−→ ωxtxσr,st−x = ωxσr,s .
If x = −pκ, where κ is defined in (3.5), then under this transformations σr,s f−→ ν and we
replace (4.2) on (4.7).
In this way we stay with the diagram automorphism (4.7). Acting by
t−pκ = tr
∑n
j,k=1(a
−1)jkskHj ,

κ = r
p
n∑
j,k=1
(a−1)jkskHj

 (4.9)
on R(t) we come to (4.8).
Remark 4.1 Consider the monodromy M = e(−r∑nj,k=1(a−1)jkskHj) of the gauge transform
t−pκ. The inverse Cartan matrices (ajk)
−1 for Dynkin diagrams with nontrivial symmetries
have fractional matrix elements (ajk)
−1 such that (aljk)
−1 are integer, where l is the order of the
center Z(G¯) (2.7) of G¯. Since the center is isomorphic to the quotient of the weight and the root
lattices Z(G¯) ∼ P/Q, the monodromy M is the element of Z(G¯). Therefore, M is well defined
as an element of the Cartan subgroup Had ⊂ Gad.
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Remark 4.2 It follows from (4.7) that the sections Ψ˜ ∈ Γ(AdνG) have the periodicities
Ψ˜(tωr) = Ψ˜(t) , (ω = e(1/p)) , (4.10)
while the sections Ψ ∈ Γ(AdσG) have the periodicities
Ψ(tωp) = Ψ(t) , (p ≥ r) .
Now we consider the bundles AdνG(Cq) defined by (4.7), (4.8). The condition (4.4) assume
the form
ν(R(t)) = ζR(tω) , ζ ∈ Z(G¯) , ω = e(1/r) . (4.11)
The moduli space of the bundles for fixed ν and ζ is defined as the set of {R(t)} satisfying (4.11)
up the gauge transformations (4.5)
Bunν,ζ(AdνG(Cq˜)) = {R(t) | ν(R(t)) = ζR(te2πı/r)}/Gν(G) . (4.12)
Here Gν(G) is the group (4.6). Our goal is to describe a big cell in this space. First we prove
that the bundles AdνG(Cq) are topologically trivial.
We will prove below (Proposition 4.2) that any transition operator R(t) in a neighborhood
of constant maps from Cq˜ to the Cartan subgroup x = e(u) ∈ H(G) is represented by the gauge
transformation f(t) = 1 + x(t)
R(t) = f−1(qt)xf(t) . (4.13)
Passing to the Cartan subalgebra we rewrite (4.11) as
ν(u)− u = ξ , (ζ = e(ξ)) , (4.14)
Since R(t) takes values in Gad the element u is defined up to the shift on the weight lattice
u ∼ u+ γ , γ ∈ P . (4.15)
On the other hand, ξ ∈ P in (4.14) is defined up to addition an element from the root lattice
β ∈ Q. Note that ξ is not an arbitrary element of P but belongs to the image of the operator
Υ acting on h as
Υ : h→ h , x 7→ ν(x)− x . (4.16)
In particular, it acts on the weight lattice Υ : P → P . Let
PΥ = im (Υ) , PΥ = {ξ ∈ P | ξ = ν(γ)− γ , γ ∈ P} . (4.17)
Proposition 4.1 The bundles AdνG(Cq) are topologically trivial.
Proof
We prove that any ξ ∈ PΥ (4.17) can be gauged away by the shift of u (4.15) by an element
γ ∈ P
(ξ ∈ im (Υ))⇒ (ξ = ν(γ)− γ , γ ∈ P ) .
Represent x ∈ im (Υ) in the basis Ξ of fundamental weights (C.28) x = c1̟1+ . . .+cn̟n. Since
ν(Ξ) = Ξ then Ξ is an union of the orbits
Oj = {̟j , ν(̟j), . . . , νr−1(̟j)} .
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of length r = 1, 2 or 3 (for D4). The operator Υ acts on orbit O of the length r > 1 as the
r-order matrix 

−1 1 0 . . . 0
0 −1 1 . . . 0
...
. . .
. . .
. . .
...
0 −1 1
1 0 . . . 0 −1

 ,
This operator can be inverted on the r − 1-dimensional subspaces
{cj̟j + . . .+ cνr−1jνr−1(̟j) | cj + . . .+ cνr−1j = 0} . (4.18)
In terms of the ν-action this condition can be reformulated as
{x ∈ im (Υ)} ⇔ {x+ ν(x) + . . .+ νr−1(x) = 0} . (4.19)
For ξ ∈ P all coefficients cj = nj are integer, and ξ ∈ im (Υ) if nj + . . . + nνr−1j = 0. In
this case ξ in (4.14) can be adsorbed by the transformation u→ u+ γ, where γ =∑j nj̟j and∑
j nj = 0.
The last statement means that the adjoint bundles of Lie algebras defined by (4.2) has only
one component corresponding to the trivial characteristic class and in this way the bundles are
topologically trivial. Thus, instead (4.14) we can consider
ν(u)− u = 0 . (4.20)
It means that u ∈ h0.
Now we prove that in a neighborhood of u almost all transitions R(t) are images of e(u)
under small gauge transforms.
Proposition 4.2 Let x = e(u), u ∈ h0 (C.13). Then there exists a small gauge transformation
(f(t) = 1 + x(t) , x(t) ∈ Lie(Gν(G)) such that near the Cartan element x almost all R(t) can be
represented as a gauge transform of x
R(t) = (1− x(tq))x(1 + x(t)) . (4.21)
Proof
Represent R(t) as R(t) = e(u)+ δR(t), where δR(t) is small. Then infinitesimally (4.21) can be
rewritten as
x(tq˜)e(u)− e(u)x(t) = δR(t)− δR0 . (4.22)
Here δR0 is a constant element. The substraction of δR0 provides the r.h.s. of (4.22) belongs
to the image of the operator
Dq˜(u) : Lie (Gν(G))→ Lie (Gν(G)) ⊗ Ω(1,0)(Cq˜) ,
(Dq˜(u)x)(t) =
(
Ad
e(u)x(tq˜)− x(t)
)
dt/t .
The prove is based on the existence of the Green function G(u, t) of Dq˜ taking values in g⊗ g
G(u, tq˜, t1))e(u) − e(u)G(u, t, t1) = I · δ(t, t1)− I0 . (4.23)
Here conjugations by e(u) is taken with respect to the first argument, δ(t, t1) is a linear functional
on the space of Laurent polynomials C[t−1, t] (B.5), (B.6) and I and I0 are the two-tensor on
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g⊗g, defined in the following way. Let {Ta} be the basis (C.16) and ca,b = (Ta, Tb) is the Killing
metric (C.17), (C.26) in this basis. Then
I =
∑
a,b
ca,bTa ⊗ Tb , I0 =
l∑
k=1
e0k ⊗ e0k , (see (C.15) , (C.25)) .
We have (I, Tc)2 = Tc⊗ Id, where (I, Tc)2 = tr2(I, Tc). In fact, G(u, t, t1) is defined in terms of
the classical r-matrix calculated below (6.3), (6.4)
G(u, t, t1) = r(u, t/t1) .
It satisfies (4.23) due to (6.3), (6.4), (4.58).
Solutions of (4.22) in terms of G(t, s) assume the form
x(u, t) =
∮
|t1|=|t|(1+ε)
(G(u, t, t1)X(t1))2 , (ε > 0) .
where X(s) = δR(s)− δR0. 
Thus, we found a gauge transformation
R(t)
f(t)→ x ∈ Had0 ⊂ Gad0 , x = e(u) . (4.24)
where the element u ∈ h0.
We analyze solutions of (4.20) up to the transformations preserving its form (the residual
gauge transformations). Such solutions define the moduli space Bunν,ζ(AdνG(Cq)) (4.12) for
ζ = Id.
First we described the residual gauge transformations. Let W0 be the Weyl subgroup of g0
defined in Appendix C. It is the Weyl group generated by the reflections of the root system R˜,
and let P˜∨ is the coweight lattice of g0 (C.30).
Proposition 4.3 The equation (4.20) is invariant with respect the following transformations
u→ w · (u) + γ1 + γ2τ , γ1 ∈ P˜∨ , γ2 ∈ P˜∨ , w ∈W0 , . (4.25)
Proof
Remind that the elements exp 2πıγ for γ ∈ P˜∨ generates the center of the universal covering
group G¯0. In other words, exp 2πıγ is the unity element in Had0 . Therefore, ℜeu in (4.24) is an
element of the quotient
ℜeu ∈ hR0 /P˜∨ , (u+ γ ∼ u , for γ ∈ P˜∨) . (4.26)
In this way ℜeu can be chosen from the fundamental domain in hR0 under the action of the
affine Weyl group W˜ ′aff =W0 ⋉ P˜
∨ (C.37).
The residual gauge transformations of u is the subgroup L0(Had) ⊂ Gν(Cq, Gad) (4.6) of the
equivariant maps to Had (see (3.19))
L0(Had) = {f(t) = tγh(t) | γ ∈ rP˜∨ , h(t) =
∑
k
hkt
k , hk ∈ Had , ν(hk) = ω−khk} . (4.27)
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It acts on x (4.24) and on u as
x→ q˜rγx = qγx , (q˜ = e(τ/r) , q = e(τ)) , u→ u+ γτ , γ ∈ P˜∨ . (4.28)
Then due to (4.26) and (4.28) solutions of (4.20) are invariant under the shifts
u→ u+ γ1 + γ2τ , (γ1 , γ2 ∈ P˜∨) . (4.29)
In this way, u belongs to the fundamental domain
u ∈ h0/W˜ ′BS , (4.30)
where W˜ ′BS is the Bernstein-Schwarzman group [3]generated by W0 and the shifts (4.29)
W˜ ′BS =W0 ⋉ (τP˜
∨ ⊕ P˜∨) . (4.31)

Thus the moduli space Bunν,Id(AdνG(Cq˜)) (4.12):
• is independent on ζ (4.12);
• is isomorphic to the fundamental domain of the Bernstein-Schwarzman group (4.31)
Bunν,Id(AdνG(Cq˜)) ∼ h0/W˜ ′BS(r) . (4.32)
It can be proved that this quotient can be described in terms of the curve Cq and the invariant
weight sublattice P˜∨
h0/W˜
′
BS(r) ∼ (Cq ⊗ P˜∨)/W0 , q = e(τ) . (4.33)
To pass from the AdνG(Cq˜)-bundles to AdσG(Cq˜)-bundles we act on the sections Γ(AdνG(Cq˜))
by the gauge transform tpκ (4.9).
4.2 Holomorphic bundle with non-diagonalized automorphisms
Here we consider a holomorphic bundle (4.2), (4.3), where R(t) is not an element of the Cartan
subgroup H(G) as was assumed in (4.13) and Proposition 4.2, but belongs to the Weyl group
W (G). More concretely, let G = SL(N,C), N = 2n and ν is the outer automorphism of the Lie
algebra sl(N,C) (C.1) leading to the invariant subalgebra sp(n). The action of R(t) is generated
by the automorphism λ of the extended Dynkin diagram (C.9) Π˜ext of the root system A
(1)
2n−1.
It acts by the cyclic permutation on the roots α0 → α1 → α2 → · · · → α0, and R(t) = Λ = λn.
Represent x ∈ sl(N,C) as the 2n× 2n matrix
x =
(
A B
D C
)
∈ sl(N,C) , (4.34)
Define the action of the outer automorphism ν as
ν(x) =
( −D˜ B˜
C˜ −A˜
)
, A˜ = jAT j , j = {Ejk = δj,n−k+1} . (4.35)
The action of λ is performed by the conjugation by Λ
Λ =
(
0 Idn
Idn 0
)
. (4.36)
Note that the transformations ν and λ anti-commute
ν(Λ)Λ−1 = −IdN . (4.37)
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4.2.1 Special basis in sl(N,C)
Since ν2 = Id and Λ2 = Id and due to (4.37) the Lie algebra sl(N,C) (and more generally
gl(N,C)) acquires Z2 ⊕ Z2 = {(a, b)} gradation
AdΛx = ±x , ν(x) = ±x ,
(a, b) (Λ, ν)
(0,0) (+,+)
(0,1) (+,−)
(1,0) (−,+)
(1,1) (−,−)
(4.38)
Instead of the ν-consistent basis (C.10), (C.14) in sl(N,C) we consider a basis related to the
gradation (4.38) and the structure (4.34). Consider the orbits in the space of the gl(N,C)-basis
{EJK} under the action of the Z2 ⊕ Z2 group generated by ν and AdΛ. Let Ojk be the orbit
passing through Ejk, or Ej,n+k (j, k = 1, . . . , n). Then
{EJ,K , (J,K = 1, . . . , N)} = ∪j+k≤n+1Ojk .
♯ (Ojk) =
{
4 , j + k < n+ 1 ,
2 , j + k = n+ 1 ,
We introduce in gl(N,C) the basis
{T α(a,b),jk , α, a, b = 0, 1 , j, k = 1, . . . , n} (4.39)
in terms of the tensor product of the sigma-matrices σk, (k = 0, . . . , 3) with the gl(n) matrices.
Let Ejk be the basis in gl(n). then T α(a,b) is defined as follows. For j + k < n + 1 it takes the
form
T 0(0,a),jk = σ0 ⊗ (Ejk − (−1)aEn−k+1,n−j+1) , T 1(0,a),jk = σ1 ⊗ (Ejk + (−1)aEn−k+1,n−j+1) ,
T 0(1,a),jk = σ3 ⊗ (Ejk − (−1)aEn−k+1,n−j+1) , T 1(1,a),jk = σ2 ⊗ (Ejk + (−1)aEn−k+1,n−j+1) .
(4.40)
If j + k = n+ 1 then
T 1(0,0),(j,n−j+1) = 2σ1 ⊗ Ej,n−j+1 , T 0(0,1),(j,n−j+1) = 2σ0 ⊗ Ej,n−j+1 ,
T 1(1,0),(j,n−j+1) = 2σ2 ⊗ Ej,n−j+1 , T 0(1,1),(j,n−j+1) = 2σ3 ⊗ Ej,n−j+1 .
(4.41)
It will be convenient to select the diagonal elements of the basis. Let ej = Ejj. Then
for n = 2l
H(0,a),j = T 0(0,a),jj = σ0 ⊗ (ej − (−1)aen−j+1) ,
H(1,a),j = T 0(1,a),jj = σ3 ⊗ (ej − (−1)aen−j+1) ,
0 ≤ j ≤ l . (4.42)
For n = 2l + 1
H(0,a),j = T 0(0,a),jj = σ0 ⊗ (ej − (−1)aen−j+1 + δa,1el+1) ,
H(1,a),j = T 0(1,a),jj = σ3 ⊗ (ej − (−1)aen−j+1 + δa,0el+1) ,
0 ≤ j ≤ l , (4.43)
H(0,1),l+1 = T 0(0,a),l+1,l+1 = σ0 ⊗ el+1 ,
H(1,0),l+1 = T 0(1,a),l+1,l+1 = σ3 ⊗ el+1 .
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Consider the action of ν and λ on the basis. From (4.35) we find
ν(T α(a,b)) = (−1)bT α(a,b) , (4.44)
It follows from (4.36) that the adjoint action of Λ takes the form AdΛ(T α(a,b)) = Adσ1⊗Idn(T α(a,b)).
Therefore
AdΛ(T α(a,b)) = (−1)aT α(a,b) . (4.45)
The Killing form Tr(EJKEIM ) = δKIδJM in gl(N,C) leads to the following norm for the
generators
〈T α(a,b),jk,T β(c,d),im〉 = 4δαβδacδbdδkiδjm . (4.46)
In what follows we need the commutation relations of H(0,0),i with other generators. For
n = 2l + 1 and j ≤ k
[H(0,0),i,T α(a,b),jk] =


1. (δij − δik)T α(a,b),jk , j , k ≤ l ,
2. δijT α(a,b),jk , j ≤ l , k = l + 1 ,
3. (δij + δik)T α(a,b),jk , j ≤ l , k > l + 1 ,
4. δi,n−k+1T α(a,b),jk , j = l + 1 , k ≥ l + 1 ,
5. (δij − δik)T α(a,b),jk , j, k > l + 1 .
(4.47)
For j ≥ k the right hand side changes sign. If n = 2l then the lines 2. and 4. omit.
4.2.2 Bundle Adν,ΛSL (Cq˜)
The bundle Adν,ΛSL (Cq) is defined by the transitions acting on its sections Γ(Adν,ΛSL ) as
Ψ(−t) = ν(Ψ(t)) , (4.48)
Ψ(q˜t) = AdΛΨ(t) (4.49)
(compare with (4.2), (4.3)). These conditions are consistent because of (4.37). In particular,
(4.37) means that the bundle Adν,ΛSL (Cq) defined by (4.48), (4.49) is topologically non-trivial (see
(4.4)).
The ν-invariant subgroup of SL(N,C) is the symplectic group Sp(n,C). Its subgroup
G0 = {f ∈ Sp(n,C) |AdΛf = f}
preserves (4.37). It plays the role of the constant gauge transformations. Consider the diagonal
gauge transformations. Let ~u = (u1, . . . , ul), where l = [n/2] and ~˜u = (ul, . . . , u1). Define the
diagonal matrix u ∈ H00 ⊂ Lie(G0) (4.42), (4.43)
u =
{
diag(~u,−~˜u, ~u,−~˜u) , n = 2l ,
diag(~u, 0,−~˜u, ~u, 0,−~˜u) , n = 2l + 1 . (4.50)
Since u ∈ H00 we can replace (4.49) by the more general condition
Ψ(q˜t) = Ad
e(u)ΛΨ(t) . (4.51)
It does not break the consistency condition (4.37). The vector ~u is the tangent vector to the
moduli space of the bundle Bun(Adν,ΛSL (Cq˜)). As above, ~u is defined up to the action of. Let
WΛ0 is the Λ-invariant subgroup of the Weyl group W (sp(n,C)), and P
∨
0 is Λ-invariant coweight
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lattice of sp(n,C). The lattice P∨0 has the rank l =
[
n
2
]
. In terms of the basic vectors in
h ⊂ sl(N,C) its generators have the form
̟∨1 = (e1 − en + en+1 − e2n) , . . . ,̟∨l =
l∑
k=1
(ek − en−k+1 + en+k − e2n−k+1) .
The Bernstein-Schwarzman group is defined as
W 0BS(r) =W
Λ
0 ⋉ (τP
∨
0 ⊕ P∨0 ) . (4.52)
In particular the shifts act on u (4.50) as
u ∼ u+ γ1 + γ2τ , γ1 , γ2 ∈ P∨0 .
In this way the moduli space of Adν,ΛSL (Cq˜) is defined as
Bun(Adν,ΛSL (Cq˜)) ∼ H00/W 0BS . (4.53)
Represent the sections of the bundle Adν,ΛSL (Cq) in the form
Ψ(t) =
∑
α,a,b=0,1
ψαa,b(t) + ξa,b(t) . (4.54)
ψαa,b(t) =
l∑
j,k=1
ψα(a,b),jk(t)T α(ab),jk , ξa,b(t) =
l∑
j=1
ξ(a,b),j(t)H(a,b),j . (4.55)
The section takes value in sl(N,C) if∑l
j=1 ξ(01),j(t) = 0 , forn = 2l ,
2
∑l
j=1 ξ(01),j(t) + ξ(01),l+1(t) = 0 , forn = 2l + 1 .
(4.56)
The quasi-periodicity properties of the sections in this basis follow from (4.44), (4.45), (4.47)
ψαa,b(−t) = (−1)bψαa,b(t) , ξa,b(−t) = (−1)bξa,b(t) , ξa,b(q˜t) = (−1)aξa,b(t) , (4.57)
ψα(a,b),jk(q˜t) = ujkψ
α
(a,b),jk(t) , (4.58)
where
ujk =


1. (uj − uk) , j , k ≤ l ,
2. uj , j ≤ l , k = l + 1 ,
3. (uj + uk) , j ≤ l , k > l + 1 ,
4. un−k+1 , j = l + 1 , k ≥ l + 1 ,
5. (uj − uk) , j, k > l + 1 .
(4.59)
4.3 Twisted vector bundles
To construct vector bundles over Cq˜ with non-trivial characteristic classes we replace the adjoint
bundle AdG (4.2) by the vector bundle EG defined as follows. Consider a (reducible) represen-
tation π of the Lie algebra g (C.1) in V . Let Vη be an irreducible g-module with the highest
15
weight η ∈ P . Assume that the diagram automorphism ν acts in a such way that νη 6= η. The
module V is a sum the highest modules
V = ⊕r−1j=0Vνj(η) , η ∈ P . (4.60)
For example, we can take
g η Vη ν(η) Vν(η)
An−1 ̟1 n ̟n−1 n¯
Dn ̟n left spinors ̟n−1 right spinors
E6 ̟1 27 ̟6 2¯7
D4 ̟1 8
V ̟3 , ν
2(η) = ̟4 8
L , 8R
Table 1. Examples of representations corresponding to non-trivial bundles
We define the vector bundle EG¯ as the associated bundle EG¯ = EG¯ ×G¯ V . The sections
ψ(t) ∈ Γ(EG¯) are transformed as (compare with (4.7))
ψ(tω) = ν(ψ(t)) , (ω = e(1/r)) , (4.61)
ψ(q˜t) = R(t)ψ(t) , R ∈ π(g) , g ∈ G¯ . (4.62)
From (4.61) we find that the action of ν changes components in the decomposition (4.60). If,
for example, ψ(t) takes value in Vνi(η) then ψ(tω) takes value in Vνi+1(η).
The gauge transformations of the sections Γ(EG¯) preserving the consistency condition (4.11)
have the same form as before (4.5). Then, locally (4.11) takes the form (4.14).
It is crucial, that in the contrast with the adjoint bundles the transition operators R in the
vector bundles act in the modules of the group G¯. It means, in particular, that in (4.14) ξ is
defined up to γ ∈ Q.
Similar to the lattice PΥ (4.17) define the lattice
QΥ = im (Υ) , QΥ = {ξ ∈ Q | ξ = ν(γ)− γ , γ ∈ Q} . (4.63)
Consider the r.h.s of (4.14). It is an element of PΥ (4.17). On the other hand, since x = e(u) is
an element of the Cartan subgroup H¯ ⊂ G¯ the element u ∈ h is defined up to elements from Q.
The Q-action on u in (4.14) means that ξ is defined up to elements from QΥ. In other words, ξ
can be considered as an element from the quotient group
ξ ∈ PΥ/QΥ = Zν(G¯) ⊆ Z(G¯) ∼ P/Q ,
The condition (4.18) allows one to describe the quotient explicitly in terms of the basis of
fundamental weights. In Appendix A we prove that it has the following structure
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g g0 Zν(G¯) = PΥ/QΥ Z(G¯) = P/Q Weights generating Zν(G¯)
1 2 3 4 5
1. A2n−1 Cn Zn Z2n ̟1
2. A2n Bn Z2n+1 Z2n+1 ̟1
3. Dn+1 Bn Z2 Z4, or Z2 ⊕ Z2 ̟n
4. D4 G2 Z2 ⊕ Z2 Z2 ⊕ Z2 ̟1 , ̟3
5. E6 F4 Z3 Z3 ̟1
Table 2. The group Zν(G¯)
Thus, for the group SL(N,C) (N = 2n) and Spin2n+2 the group Zν(G¯) does not coincides with
Z(G¯).
Remark 4.3 The group Zν(G¯) differs from the center Z(G¯0). For example, in the first line
Cn → G¯0 = Spn, Z(Spn) = Z2, while Zν(SL2n) = Zn.
Now consider the transformations of u preserving (4.14). The elements exp 2πıγ for γ ∈ Q˜∨
are the unity elements in G¯0. Therefore, u in (4.24) is an element of the quotient
ℜeu ∈ hR0 /Q˜∨ , (u+ γ ∼ u , for γ ∈ Q˜∨) . (4.64)
Thus, ℜeu can be chosen from the fundamental domain in hR0 under the action of the affine
Weyl group W˜aff =W0 ⋉ Q˜∨ (C.37).
The residual gauge transformations of u is the subgroup L0(H¯) ⊂ Gν(Cq, G¯) (4.6) of the
equivariant maps to H¯ (see (3.17) and (3.19))
L0(H¯) = {f(t) = tγh(t) | γ ∈ rQ˜∨ , h(t) =
∑
k
hkt
k , hk ∈ H¯ , ν(hk) = ω−khk} .
Similar to (4.25) the moduli space of the EG¯-bundles is the set of pairs (u ∈ h0, ξ ∈ P ) satisfying
(4.14), and invariant with respect to the action
PEG¯ :
{
u→ u+ γ1 + γ2τ , γ1 , γ2 ∈ Q˜∨ ,
ξ → ξ + γ3 γ3 ∈ QΥ . (4.65)
We define the corresponding to the lattice Q˜∨ the Bernstein-Schwarzman group
W˜BS =W0 ⋉ (τQ˜
∨ ⊕ Q˜∨) . (4.66)
Thus, for a fixed ζ = e(ξ) ∈ Zν(G¯) we can identify the moduli space with the fundamental
domain of the Bernstein-Schwarzman group W˜BS .
Bunσ,ζ(EG¯(Cq˜)) ∼ h0/W˜BS(r) . (4.67)
Thus, the general solutions of the equation (4.14) has the form
u+̟j , u ∈ Bunσ,ζ(EG¯(Cq)) , (4.68)
and ̟j is a fundamental weight of the Lie algebra g satisfying the equation
ν(̟j)−̟j = ξ . (4.69)
Solutions of this equation are given in the column 5 of Table 2. The proof is contained in
Appendix A.
The element ξ defines the characteristic class of the EG¯-bundle. Note, that the moduli space
are independent on the characteristic class ζ.
As above to pass to the general automorphism σr,s = νe(κ) (3.5), (3.7) we apply the gauge
transformation f = tpκ (4.9).
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5 Higgs bundles
The Higgs bundle H(G,Σg) over the Riemann surface Σg is the pair (EG¯,Φ), where EG¯ = E×GV
is a holomorphic vector G-bundle, associated with the principal bundle E and Φ is a Higgs field.
It is a holomorphic 1-form on Σg taking values in EndEG¯. The Higgs bundle can be equipped
with a symplectic form. The group of automorphisms of the underlying vector bundle can be
lifted to the Higgs field in a such way that it acts as the symplectomorphisms of the Higgs
bundle.
In what follows we describe the Higgs bundles related to constructed above three types of
holomorphic G-bundles over elliptic curves AdG, Adν,ΛSL and EG¯ .
5.1 Higgs bundles related to AdG and EG¯ bundles
The Higgs bundle H(G,Cq˜) is described by the pair (R(t),Φ(t)), where R(t) is the transition
operator (4.3) and Φ is a holomorphic one-form in a neighborhood V of the contour γ1 = {|t| =
|q˜ 12 |} taking values in the endomorphisms of the bundles Φ = Φ(t)dtt ∈ Ω(1,0)(V, End(g)). There
is a well defined symplectic form on H(G,Cq˜)
Ω =
1
2πı
∮
γ1
〈(D(R−1(t)Φ(t)) ∧DR(t)〉 . (5.1)
We assume that Φ(t) is the equivariant map Φ(t) ∈ L0(g, t) (3.9).
ν(Φ(t) = Φ(tω) , (ω = exp
2πı
r
) . (5.2)
The form (5.1) is invariant with respect to the Gν(G) -action (4.5) and
Φ(t)→ f(q˜t)Φ(t)f−1(q˜t) . (5.3)
This symplectic action leads to the moment map
µ : H(G,Cq˜)→ Lie∗(Gσ(G)) ,
defined by the functional
F = 1
2πı
∮
γ1
〈Φ(t)x(q˜t)〉 − 1
2πı
∮
γ1
〈R−1(t)Φ(t)R(t)x(t)〉 , x(t) ∈ Lie(Gσ(G)) .
As in [5] we find that the zero moment map implies that Φ can be extended holomorphically
from the boundary (γ1 = {|t| = |q˜ 12 |} , γ2 = {|t| = |q˜|− 12 }) inside the annulus with at most a
single pole at t = 1 and such that on γ1
Φ(q˜−1t) = R−1(t)Φ(t)R(t) . (5.4)
Since the gauge group preserves a flag at t = 1 from (5.3) we find that the Higgs field Φ(t) has
a pole at t = 1 we assume that the elements of Lie algebra of the gauge transformations
ResΦ(t)|t=1 = S , (5.5)
where S is an element of coadjoint G-orbit attached to the point t = 1. Details can be found in
[5, 26].
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Acting by the gauge transformations on R(t) (4.24) R(t)
f(t)→ e(u) we transform simultane-
ously the Higgs field
Φ(t)
f(t)→ L(t) .
The transformed Higgs field L(t) plays the role of the Lax operator. In these terms (5.4) assumes
the form
L(q˜−1t) = e(−u)L(t)e(u) . (5.6)
Solutions of this equation and (5.5) L = L(S,u,v, t) depends on an additional parameter v ∈ h∗0.
The reduced phase space can be considered as the cotangent bundle T ∗Bunζ(Cq˜, G) to the
moduli space of holomorphic bundles with the quasi-parabolic structure at t = 1. (S,v,u) play
the role of local coordinates in T ∗Bunζ(Cq˜, G). Here S is an element of symplectic quotient of a
coadjoint orbit of G0 with respect to the Cartan subgroup action. We come to this point below.
The coordinates (v,u) are canonical
{vj , uk} = δjk . (5.7)
and (see (4.67))
u ∈
{
Bunσ,1(AdG(Cq˜)) ∼ h0/W˜ adBS
Bunσ,ζ(EG¯(Cq˜)) ∼ h0/W˜ scBS
(5.8)
Summarizing we define the Lax operator by the conditions We find from (5.2) and (5.4)
1. ν(L(t)) = L(tω−1) , 2. L(q˜−1t) = Ad
e(u)L(t) , 3. ResL(t) = S . (5.9)
We preserve the same notation S for the residue of the Lax operator.
Consider the first condition. From (C.2) we have
L(t) =
r−1∑
m=0
Lm(t) , (r = 2, 3) , (5.10)
Lm ∈ gm ↔ ν(Lm) = ωmLm , Lm(tω) = ω−mLm(t) . (5.11)
To define the Lax operator, satisfying 1. and 2. (5.9) we use the root basis (C.12), (C.13).
In the root basis we have
L0(t) = L0|h(t)h0 +
∑
α˜∈R˜
L0,α˜(t) ,
Lm(t) = Lm|h(t)hm +
∑
α˜∈Rs
Lm,α˜(t) .
We decompose the residue 3.(5.9) of L in the basis (C.16)
S =
r−1∑
m=0
Sm , S0 =
n∑
k=1
Sk0 e
0
k +
∑
α˜∈R˜
Sα˜Eα˜ , Sm =
n∑
k=1
Skme
m
k +
∑
α˜∈Rs
Sα˜mt
m
α˜ .
It is convenient to represent the Cartan part S0 in the coroot basis (C.27)
Sh0 =
n∑
k=1
Sk0 e
0
k =
∑
α˜∈Π
Sα˜0Hα˜ . (5.12)
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The invariant component of the Lax operator can be expressed in terms of the functions
g(s, tr|q) (B.1) and E1(tr|q) (B.11)
L0(t) =
n∑
k=1
(vk + S
k
0E1(t
r|q))e0k +
∑
α˜∈R˜
Sα˜g(s
−1
α˜ (u), t
r|q)Eα˜ , sα˜(u) = exp 2πıuα˜ . (5.13)
It satisfies (5.9) due to (B.7), (B.10) and (B.3). The Cartan part Lh0(t) can be rewritten in the
simple coroot basis (see (5.12))
Lh0(t) =
n∑
k=1
(vk + S
k
0E1(t
r|q))e0k =
n∑
k=1
vke
0
k +
∑
α˜∈Π˜
Sα˜0E1(t
r|q))Hα˜ . (5.14)
The terms Sk0E1(t|q)e0k in (5.13) violate the residue theorem and, due to (B.12), brake the
symmetry 2.(5.9). The origin of this contradiction is that there is residual gauge symmetry. In
fact, these terms vanish after the applying the symplectic reduction with respect to the action
of the invariant Cartan subgroup H0. The conditions Sk0 = 0 play the role of the moment
constraints. (See details in [27]). We neglect this term in calculations of the Hamiltonians. The
described below r-matrix defines the Poisson brackets before the residual reduction. For this
reason it contains the corresponding anomalous term (see (6.3)). Note that L0 is the standard
Lax operator for the spin Calogero-Moser system related to the invariant subalgebra g0.
The other components of the Lax operator assume the following form. Introduce r functions
g(m)(s, t|q) = tmg(sqm/r, tr|q) , (m = 0, . . . , r − 1) , (g(0)(s, tr|q) = g(s, tr|q)) . (5.15)
g(m)(s, t|q) = e
(mz
r
)
φ(u+
mτ
r
, z|τ) , t = e(z/r) , s = e(u) , q = q˜r .
They have the quasi-periodicities
g(m)(s, t · ω|q) = ωmg(m)(s, t|q) , (5.16)
sq˜mg(m)(s, tq˜|q)− g(m)(s, t|q) = δ(t, 1) − 1 . (5.17)
Similarly to (B.3) we have
Res g(m)(s, t|q)|s=1 = 1 , Res g(m)(s, t|q)|t=1 = 1 . (5.18)
In terms of these functions the other components of the Lax operators can be written as
Lm(t) =
n∑
k=1
Skmg
(−m)(1, tr|q)emk +
∑
α˜∈Rs
Sα˜mg
(−m)(s−1α˜ (u), t
r|q)tmα˜ . (5.19)
Due to (5.16) and (5.17) these components have the proper quasi-periodicities (5.11).
For the EG¯ bundles we should replace u on u+̟j , where ̟j are solutions of (4.69) taken
from Table 2. Then from (5.13) and (5.19) we find
L0(t) =
n∑
k=1
(vk + S
k
0E1(t
r|q))e0k +
∑
α˜∈R˜
Sα˜g(s
−1
α˜ (u+̟j), t
r|q)Eα˜ , (5.20)
Lm(t) =
n∑
k=1
Skmg
(−m)(1, tr|q)emk +
∑
α˜∈Rs
Sα˜mg
(−m)(s−1α˜ (u+̟j), t
r|q)tmα˜ . (5.21)
Remark 5.1 In the similar way we can consider meromorphic Higgs field on Cq˜ with n > 1
simple poles. In this way, instead of the twisted elliptic Calogero-Moser systems, that will be
constructed below, we come to the twisted Gaudin systems. The quantum non-autonomous analog
of the latter system is the Knizhnik-Zamolodchikov-Bernard equations. They will be considered
in last section.
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5.2 Hamiltonians
The quadratic Hamiltonian H can be found from the expansion of the trL2(t). It is double-
periodic function on Cq˜ with at most second order pole. Therefore,
1
2
tr (L(t))2 = H + E2(t)C2 , (5.22)
where C is the second Casimir function corresponding to the coadjoint G-orbit
C2 =
1
2
r−1∑
m=0
(S,S) .
To calculate it we use (C.17), (C.26)
1
2
r−1∑
m=0
tr (Lm(t)Lr−m(t)) =
{
1
2(L0(t), L0(t)) +
1
2(L1(t)L1(t)) r = 2 ,
1
2(L0(t)L0(t)) + (L1(t)L2(t)) r = 3 .
Then it follows from (B.16) that
1
2
r−1∑
m=0
(Lm(t), Lr−m(t)) = E2(t)C2(S) +H(v,u,S) ,
H(v,u,S) = H0(v,u,S) +H
′(u,S) , (5.23)
where
H0(v,u,S) = const. part
1
2
(L0(t), L0(t)) ,
H ′(u,S) =
{
const. part 12(L1(t)L1(t)) r = 2 ,
const. part 12(L1(t)L2(t)) r = 3 .
H0(v,u,S) =
1
2
n∑
k=1
v2k +
∑
α˜∈R˜
Sα˜0 S
−α˜
0 E2(uα˜) ,
H ′(u,S) =
∑
m6=0
(
−1
2
n∑
k=1
Smk S
r−m
k E2(mτ/r) +
∑
α˜∈Rs
Sα˜mS
−α˜
r−mE2(uα˜ −mτ/r)
)
.
For the EG¯-bundles we have
H0(v,u,S) =
1
2
n∑
k=1
v2k +
∑
α˜∈R˜
Sα˜0 S
−α˜
0 E2(uα˜ +̟j α˜) ,
H ′(u,S) =
∑
m6=0
(
−1
2
n∑
k=1
Smk S
r−m
k E2(mτ/r) +
∑
α˜∈Rs
Sα˜mS
−α˜
r−mE2(uα˜ +̟j α˜ −mτ/r)
)
.
21
5.3 CM system corresponding to Adν,ΛSL (Cq) bundle
Similarly to (5.9) the Lax operator is fixed by the conditions
1. ν(L(t)) = L(−t) , 2. L(q−1t) = Ad
e(u)ΛL(t) , 3. Rest=1 L(t) = S .
Here S is decomposed in the basis (4.40)–(4.43)
S =
∑
a,b=0,1

 l∑
j,k=1
∑
α=0,1
Sα(a,b),jkT α(ab),jk +
l∑
j=1
S(a,b),jH(a,b),j

 . (5.24)
According with (4.54) decompose L(t) as
L(t) =
∑
α,a,b=0,1
Lα(a,b)(t) +
∑
a,b=0,1
Ldiag(a,b)(t) .
Consider the diagonal part of the Lax operator. If a = b = 0 then
Ldiag(0,0)(t) =
l∑
j=1
(vj + S(0,0),jE1(t
2|q))H(0,0),j .
Otherwise,
Ldiag(a,b)(t) =
l∑
j=1
SS(0,0),jt
bg(q˜be(a/2), t2|q)H(a,b),j .
The non-diagonal part is
Lα(a,b)(t) =
l∑
j,k=1
Lα(a,b),jk(t)T α(ab),jk ,
where the component satisfy the quasi-periodicity conditions
Lα(a,b),jk(−t) = (−1)bLα(a,b),jk(t) , Lα(a,b),jk(q˜t) = (−1)ae(ujk)Lα(a,b),jk(t) .
Then we find
L(a,b)jk(t) = S
α
(a,b)jkt
bg(e(−ujk + a/2)q˜b, t2|q2) = Sα(a,b)jke(bz/2)φ(−ujk +
a+ bτ
2
, z|τ) .
The Hamiltonian we find from the expansion (5.22) using the Killing form (4.46) and the Fay
identity (B.16). As above, we assume that S(0,0),j = 0 for j = 1, . . . , l. Then the Hamiltonian
H = 18(const. part trL
2(t) takes the form
H =
1
2
l∑
j=1
v2j+
∑
a+b>0
l∑
j=1
S2(0,0),jE2(
a+ bτ
2
|τ)+
∑
α,a,b

 l∑
j 6=k, j 6=n−k+1
(Sα(a,b)jk)
2E2(uj ± uk + a+ bτ
2
|τ)
+
l∑
j=1
(Sα(a,b)j)
2E2(uj +
a+ bτ
2
|τ) +
l∑
j=1
(Sα(a,b)j)
2E2(2uj +
a+ bτ
2
|τ)

 . (5.25)
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6 Classical r-matrices and KZB equations
6.1 r-matrix
The classical r-matrix is the map Cq × Cq → g ⊗ g, satisfying the classical dynamical Yang-
Baxter equation (CDYBE) (see below). More exactly, it is a section of g ⊗ g bundle over the
moduli space Bunσ,ζ(AdG(Cq)) (4.32) , or Bunσ,ζ(EG¯(Cq˜)) (4.67) defined by the properties of
the coefficients g(−m)(mr , t
r|q) (5.16) and (5.18).
It can be defined the by means of the Lax operator as
r(t) =
∂L1(t)
∂S2
, (6.1)
Starting with the Lax operator corresponding to the non-trivial characteristic classes (5.20),
(5.21) we come to the r-matrix
r(u, t) =
r−1∑
m=0
rm(t) , (r = 2, 3) , rm(tω, s) = ω
−mrm(t) . (6.2)
r0(u, t) =
n∑
k=1
E1(t
r|q))e0k ⊗ e0k +
∑
α˜∈R˜
|α˜|2g(s−1α˜ (u+̟j), tr|q)Eα˜ ⊗ Eα˜ , (6.3)
rm(u, t) =
n∑
k=1
g(−m)(1, tr|q)(emk ⊗er−mk )+
1
r
∑
α˜∈Rs
|α˜|2g(−m)(s−1α˜ (u+̟j), tr|q)(tmα˜ ⊗ tr−m−α˜ ) , (6.4)
where Eα˜ is defined by (C.13), g
(−m)(mr , t
r|q) is defined by (5.15).
As in [28] it can be proved that r(t) satisfies classical dynamical Yang-Baxter equation:
[r12(t1, t2), r13(t1, t3)] + [r12(t1, t2), r23(t2, t3)] + [r13(t1, t3), r23(t2, t3)]− (6.5)
√
r
r−1∑
m=0
∑
α˜∈Rs
|α˜|2
2
(
tmα˜ ⊗ t r−m−α˜ ⊗ e0α ∂α˜(u)g(−m)(s−1α˜ (u+̟j), (t1/t2)r|q)−
tmα ⊗ e0α ⊗ t r−m−α ∂ug(−m)(s−1α˜ (u+̟j), tr1/tr3|q) + e0α ⊗ tmα ⊗ t r−m−α ∂ug(−m)(s−1α˜ (u+̟j), tr2/tr3|q)
)
= 0 .
It follows from (B.7) and (B.12) that the r-matrix plays the role of the Green function
G(t/t1) of the equation (4.23).
The r-matrix (6.2)-(6.4) and described above the Lax operator (5.20), (5.21) define the
Poisson brackets (5.7) via RLL-equation:
{L(t1)⊗ 1, 1⊗ L(t2)} = [L(t1)⊗ 1 + 1⊗ L(t2), r(t1/t2)]− (6.6)
−
√
r
2
r−1∑
m=0
∑
α˜∈Rs
|α˜|2 ∂u g(−m)(s−1α˜ (u), (t1/t2)r|q) (Sh)α˜0 tmα˜ ⊗ tr−m−α˜ .
The anomalous last term vanishes upon the moment constraints (Sh)α˜0 = 0.
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6.2 KZB equations
Let Ml be the space of complex structure of the elliptic curve with l marked points (t1, . . . , tl).
An open cell in Ml is described by the coordinates (q = e(τ), t1, . . . , tl) ,
∏
tj = 1). The KZB
equations define a flat connection in the bundle of conformal blocks in the WZW theory on Cq
over Ml [13, 14, 15]. In our case the variables in the WZW theory are defined by the quasi-
periodic conditions (4.2), (4.3). Acting as in [29] we come to the following description of the
KZB equations.
Consider the following differential operators:
∇a = ta∂ta + ∂ˆa +
∑
c 6=a
rac , (6.7)
∇τ = 2πi∂τ +∆+ 1
2
∑
b,d
f bd , (6.8)
with
rac =
r−1∑
m=1
∑
α˜∈R˜
|α|2g(−m)(s−1α˜ (u+̟j), (ta/tc)r)tm,aα˜ ⊗t−m,c−α˜ +
r−1∑
m=0
n∑
k=1
g(−m)(1, (ta/tc)
r)em,ak ⊗e−m,ck ,
fac =
r−1∑
m=1
∑
α˜∈R˜
|α|2∂α˜(u)g(−m)(s−1α˜ (u+̟j), (ta/tc)r)tm,aα˜ ⊗ t−m,c−α˜ +
n∑
k=1
r−1∑
m=1
g(−m)(1, (ta/tc)
r)em,ak ⊗ e−m,ck +
1
2
(E21(t
r
a/t
r
c)− ℘(tra/trc))e0,ak ⊗ e0,ck ,
where tk,aα = 1 ⊗ ...1 ⊗ tkα ⊗ 1... ⊗ 1 (with tkα on the a-th place) and similarly for the generators
e
m,a
k
2 and the Weierstrass function ℘ is defined in (B.15). The following short notations are
used here:
∂ˆa = r
∑
α˜∈Π˜
eα˜∂α˜ , ∆ =
r
2
∑
α˜∈Π˜
∂2u(α˜) , g
(0)(1, (ta/tc)
r) = E1((ta/tc)
r) .
As in [29] it can be proved that the connection (6.7), (6.8) is flat.
7 Appendix A: Structure of Table 2
The group Z(G¯) = P/Q can be defined in terms of the Cartan matrix ajk = (αj , αk). Since the
fundamental weights ̟j , generating the weight lattice P , form a basis in h
∗ dual to the basis of
simple roots (αj ,̟k) = δjk, we have the following relations between two bases in the lattices P
and Q ̟k = (a)
−1
kj αj . In particular, ord (Z(G¯)) = det a.
It follows from (4.17) that the fundamental weights ̟j form the basis
{ηj = σ(̟j)−̟j} , (A.1)
in PΥ, while elements of the root lattice Q(g) of the form
{δj = σ(αj)− αj |αj ∈ Π(g)} (A.2)
2For brevity we write tk,aα , e
m,a
k instead of representations of these generators in the spaces Vµa .
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form a bases in QΥ. By comparison of these two bases we find the structure of quotient group
Zσ(G¯).
We construct Table 2 line by line.
1) SL(N,C),
We use the canonical basis (e1, . . . , eN ). Since the fundamental weights of AN−1 are
̟1 = (
N−1
N ,− 1N , . . . ,− 1N ) ,
̟2 = (
N−2
N ,
N−2
N , . . . ,− 2N ) ,
. . . . . .
̟j = (
N−j
N , . . .
N−j
N ,− jN , . . . ,− jN ) ,
. . . . . .
̟N−1 = (
1
N ,
1
N , . . . ,
1−N
N ) .
we find generators of PΥ(AN−1)
ηj = −

1− 2jN , . . . , 1− 2jN ,︸ ︷︷ ︸
j
−2j
N
, . . . ,−2j
N
,︸ ︷︷ ︸
N−2j
1− 2j
N
, . . . , 1− 2j
N︸ ︷︷ ︸
j

 , (A.3)
where
j =
{
1, . . . , n− 1 for N = 2n ,
1, . . . , n for N = 2n+ 1 .
On the other hand, since Π(AN−1) = {ej − ej+1 | j = 1, . . . , N − 1} we obtain from (A.2)
δj =
{
(0, . . . ,−1, 1, 0, . . . , 0, 1,−1, 0, . . . , 0) j = 1, . . . n− 1 , N = 2n, 2n+ 1 ,
(0, . . . ,−1, 2,−1, . . . , 0) j = n , N = 2n+ 1 . (A.4)
It follows from (A.3) and (A.4) the quotient group Zσ(SL(N,C)) = PΥ(AN−1)/QΥ(AN−1) is
generated by the element η1. For N = 2n it has the order n, while for the odd N the quotient
has the order N . In this way we have derived the first two lines in the Table.
2. SO(2n+ 2,C), (Dn+1)
In the Cartan subalgebra h(Dn+1 we choose a canonical bases (e1, . . . , en+1) and the system of
simple roots
Π(Dn+1) = {αj = ej − ej+1 , j = 1, . . . , n , αn+1 = en + en+1} . (A.5)
The dual system of the fundamental weights takes the form
̟j = e1 + e2 + . . .+ ej , j = 1, . . . , n− 1 , (A.6)
̟n =
1
2
(e1 + . . .+ en − en+1) , ̟n+1 = 1
2
(e1 + . . .+ en + en+1) .
The outer automorphism acts as
σ(αj) =
{
αj 1 ≤ j < n ,
αn ↔ αn+1 , σ(̟j) =
{
̟j 1 ≤ j < n ,
̟n ↔ ̟n+1 .
Following (A.1), (A.2) we find generators of PΥ(Dn=1) and Q
Υ(Dn=1)
ηn = σ(̟n)−̟n = en+1 , δ = 2en+1 . (A.7)
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Thus, the quotient group Zσ(Spin2n+2) ∼ Z2 is generated by η (A.7).
3. Spin8, (D4)
Here we have the outer automorphism of order 3. In terms of notations (A.5) and (A.6) for
n = 3 it acts as
σ(α1) = α3 , σ(α2) = α2 , σ(α3) = α4 , σ(α4) = α1 ,
σ(̟1) = ̟3 , σ(̟2) = ̟2 , σ(̟3) = ̟4 , σ(̟4) = ̟1 ,
Then PΥ is generated by the weights
η1 = ̟1 −̟3 = 1
2
(1,−1,−1, 1) , η2 = ̟3 −̟4 = −(0, 0, 0, 1) , (A.8)
while QΥ is generated by the elements
δ1 = (1,−1,−1, 1) , δ2 = −2(0, 0, 0, 1)
Then η1 and η2 are generators of the two groups Zσ(Spin4) = PΥ(D4)/QΥ(D4) ∼ Z2 ⊕ Z2.
4. E6
The outer automorphism of the Lie algebra E6 corresponds to the symmetry of the simple roots
Π(E6) = (αj)
σ : α1 ↔ α5 , α2 ↔ α4 , α3,6 ↔ α3,6 ,
The symmetry of the fundamental weights
̟1 =
1
3(4α1 + 5α2 + 6α3 + 4α4 + 2α5 + 3α6), ,
̟2 =
1
3(5α1 + 10α2 + 12α3 + 8α4 + 4α5 + 6α6) ,
̟3 = 2α1 + 4α2 + 6α3 + 4α4 + 2α5 + 3α6 ,
̟4 =
1
3(4α1 + 8α2 + 12α3 + 10α4 + 5α5 + 6α6) ,
̟5 =
1
3(2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6) ,
̟6 = α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6 .
has the similar form
σ : ̟1 ↔ ̟5 , ̟2 ↔ ̟4 , ̟3,6 ↔ ̟3,6 .
The lattice PΥ(E6) is generated by the two elements of weight lattice P (E6)
η1 = ̟1 −̟5 = 1
3
(2α1 + α2 − α4 − 2α5) , η2 = ̟2 −̟4 = 1
3
(α1 + 2α2 − 2α4 − α5) . (A.9)
and QΥ(E6) by the two elements of the root lattice Q(E6)
δ1 = α1 − α5 , δ2 = α2 − α4 .
The quotient group Zσ(E6) = PΥ(E6)/QΥ(E6) ∼ Z3 is generated by one of the elements η1,2
(A.9).
8 Appendix B: Some elliptic functions [2, 36]
The main ingredient is the Kronecker function on s, t ∈ C∗
g(s, t|q) = −
∑
m∈Z
tm
1− qms , for 1 > |t| > |q| . (B.1)
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If in addition 1 > |s| > |q| then
g(s, t|q) = 1− 1
1− t −
1
1− s +
∑
i,n<0
siqintn −
∑
i,n>0
siqintn . (B.2)
Then
Res g(s, t|q˜)|s=1 = 1 , Res g(s, t|q)|t=1 = 1 . (B.3)
Rewrite (B.2) as
g(s, t|q) = 1 + g+(t) + g−(t) , (for 1 > |s| > |q| , 1 > |t| > |q|) , (B.4)
g+(s, t) = −
∑
i,n≥0
siqintn , g−(s, t) =
∑
i,n<0
siqintn .
Consider the distribution on the space of the Laurent polynomials
C[t, t−1] = {ψ(t) =∑l cltn}, defined by the functional δ(t, t1)
Rest1=0 (δ(t, t1)ψ(t1)) = ψ(t) . (B.5)
It is represented as formal power series
δ(t1, t2) =
∑
k∈Z
tk1t
−k−1
2 = δ+(t1, t2) + δ−(t1, t2) ,
δ+(t1, t2) =
1
t2
∑
n≥0
(t1/t2)
n =
1
t1 − t2 for |t2| < |t1| ,
δ−(t1, t2) =
1
t2
∑
n>0
(t2/t1)
n = − 1
t1 − t2 for |t2| > |t1| .
Fix t ∈ C∗. Define two contours in C∗ with the opposite orientation:
γ1 = {|s| = |t|(1 + ε) , γ2 = {|s| = |t|(1− ε) , ε > 0 ,
and let γ = γ1 ∪ γ2. Then in accordance with (B.5)
ψ(t) =
1
2πı
∮
γ
ψ(t1)δ(t, t1)
dt1
t1
. (B.6)
It follows from (B.1) that the Kronecker function plays the role of the Green function for
the difference operator
sg(s, qt|q)− g(s, t|q) = δ(t, 1) − 1 . (B.7)
Let ψ(t) be holomorphic function in a neighborhood of the contour γ, such that Rest=1
ψ(t)
t = 0.
Then there exists a holomorphic in C∗ solution x(t) of the difference equation
sx(qt)− x(t) = ψ(t) . (B.8)
It is defined by the integral
x(t) =
1
2πı
∮
γ1
ψ(t1)g(s, t/t1|q)dt1/t1 . (B.9)
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In terms of the theta function the Kronecker function can be represented as
g(s, t|q) = X(ts|q)P
2(q)
X(t|q)X(s|q) , P (q) =
∏
n>0
(1− qn) ,
where
X(t|q) = 4ıq1/8(t 12 − t− 12 )
∏
n≥1
(1− qnt)(1− qnt−1)(1− qn) = ı
∑
n∈Z
(−1)nq 12 (n− 12 )2t(n−1)/2 .
In the variables (u, z), (s = e(u), t = e(z)) X(t|q) is the odd theta-function
X(t|q)|t=e(z) = θ(z|τ), and
g(s, t|q)|s=e(u),t=e(z) = φ(u, z|τ) =
θ(u+ z)θ′(0)
θ(u)θ(z)
.
The first Eisenstein series are defined as
E1(z|τ) = ∂z log θ(z|τ) .
It has a simple poles at the lattice
ResE1(z|τ)|z=m+nτ = 1 . (B.10)
In the variable t = e(z) it can be defined on the annulus 1 > |t| > |q| as the series
E1(t|q) = πı+ 2πı
∑
m6=0
tm
qm − 1 . (B.11)
The function − 12πıE1(t|q) plays the role of the Green function for the difference operator on Cq
− 1
2πı
E1(tq|q) + 1
2πı
E1(t|q) = δ(t, 1) − 1 , (B.12)
where δ(t, 1) is (B.6). It allows one to continue E1(t|q) from Cq on C∗.
Let E2(t|q) be the second Eisenstein series:
E2(t|q) = 4π2
∑
n
qnt
(1− qnt)2 = −∂
2
z log θ(z|q) . (B.13)
E2(z|τ) = −∂zE1(z|τ) = ∂2z log ϑ(z|τ) . (B.14)
Let η(q) = q
1
24
∏
n>0(1− qn), and
η1(q) =
24
2πi
∂τη(q)
η(q)
.
Then the Weierstrass function is defined as
℘(q, τ) = E2(q, τ)− 2η1(q) . (B.15)
The function g satisfies the Fay identities:
g(s, t|q)g(s−1, t|q) = E2
(
1
2πı
ln t|q
)
− E2
(
1
2πı
ln s|q
)
, (B.16)
g(s1, t|q)s2∂s2g(s2, t|q)− g(s2, t|q)s1∂s1g(s1, t|q) = (B.17)
1
2πı
(
E2
(
1
2πı
ln s2|q
)
− E2
(
1
2πı
ln s1|q
))
g(s1s2, t|q) .
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9 Appendix C: Outer automorphisms of simple algebras [22, 23,
35]
Let R be the root system of the Lie algebra g of rank l, W (R) is the Weyl group and Aut(R) ⊇
W (R) is the group of the automorphisms of R. The group Out(g) = {ν} is isomorphic to the
quotient group Aut(Π) ∼ Aut(R)/W (R) (see (3.1)). This group is non-trivial for the simply-
laced algebras
R = Al , Dl , E6 Aut(R)/W (R) ∼ Z2 ,
R = D4 Aut(R)/W (R) ∼ Z3 . (C.1)
The outer automorphisms provide the decompositions of g on its eigenspaces
g = ⊕r−1m=0 gm , ν(gm) = ωmgm , (ω = exp (
2πı
r
)) , r = 2 , ( or r = 3 for D4) . (C.2)
The subspaces g0 is an invariant subalgebra of g and gj are irreducible modules of g0.
Let h be the Cartan subalgebra, Eα are the root subspaces and
g = h+
∑
α∈R
CEα
is the root decomposition of g. The action of the group Aut(g, h,Π) (3.1) preserves this decom-
position. Then we define the action of ν on R as ν → ν¯α, ν¯ ∈ Aut(Π)
νEα = Eν¯α , (α ∈ R = R∨) .3 . (C.3)
Represent the Cartan subalgebra as h = hR + ıhR and let
Π = (α1, . . . , αl) , (l − rank g) (C.4)
be a system of simple roots generating R. Define the Weyl chamber in hR
C+ = {x ∈ hR | 〈x, α〉 > for α ∈ Π} . (C.5)
Define the invariant basis in the homogeneous component gm of g. Under the action of ν¯ the
set of roots R is splitted on the orbits on the lengths 1 (invariant subset), O2 of the length 2 and
O3 of the length 3 (for D4). For all g with non-trivial outer automorphisms except sl(2n + 1)
(A2n) define two subsets of roots
Rl = {α˜ = α ∈ R | ν¯(α) = α} ,
Rs = {α˜ = 1r
∑r−1
m=0 ν¯
m(α) |α ∈ R , ν¯(α) 6= α} . (C.6)
The subset R˜ = Rl ∪Rs is the set of roots of the invariant subalgebra g0 with respect to the
Cartan subalgebra h0 ⊂ g0. The system of simple roots
Π˜ = {α˜j , j = 1, . . . , n} (C.7)
of the invariant algebra g0 is the basis of R˜.
Let α˜0 be the highest weight of the g1 module. It is decomposed in the root basis as
α˜0 =
n∑
j=1
ajα˜j , (C.8)
3Since the algebras are simply-laced their root and weight systems coincide with the coroots and coweight
systems. The out-invariant subalgebras are not simply-laced and these systems are different.
29
where n is a rank of g0. The extended root system
Π˜ext = Π˜ ∪ (−α˜0) (C.9)
defines twisted affine Dynkin diagram.
Let
tmα˜ =
r−1∑
j=0
ωjmEν¯jα , (α˜ ∈ Rs) , ν(tmα˜ ) = ωmtmα˜ . (C.10)
h =
r−1∑
m=0
hm , ν(hm) = ω
mhm . (C.11)
Then the subspace gm in (C.2) has the root decomposition
gm = hm +
∑
α˜∈Rs
Ctmα˜ , m 6= 0 . (C.12)
g0 = h0 +
∑
α˜∈R˜
CEα˜ , Eα˜ =
{
Eα α = α˜ ∈ Rl ,
t0α˜ α˜ ∈ Rs .
(C.13)
In these terms the set of the root subspaces of g is
Eα˜ , (α˜ ∈ Rl) , t0α˜ (α˜ ∈ Rs) , tmα˜ , (α˜ ∈ Rs) .
The invariant subalgebra g0 has the rank
rank g0 = n , for A2n , A2n−1,Dn+1
rank g0 = 4 , for E6 , rank g0 = 2 , for D4 .
Let (e1, . . . , el) be a canonical basis in h. The basis in hm for m 6= 0 assumes the form
hm = 〈em1 , . . . , emn 〉 ,
emk =
1√
r
r−1∑
j=0
ωjmeνjk for ν(ek) 6= ek , ν(emk ) = ωmemk , (k = 1, . . . , n) , (C.14)
where n is equal to the number of orbits of the ν action on h. In particular, the basis in h0 is
e0k =
1√
r
r−1∑
j=0
eνjk for ν(ek) 6= ek , and e0i = ei for ν(ei) = ei . (C.15)
Summarizing, the following set of the generators Ta (a = (α˜,m, k)) defines the basis in g
Ta =
{
g0 e
0
k (C.15) , Eα˜ (C.13) ,
gm , (m 6= 0) emk (C.14) , tmα˜ (C.10) ,
m = 0, . . . , r − 1 , k = 1 . . . , n
}
. (C.16)
The Killing form on these generators takes the form
(tmα˜ , t
n
β˜
) = rδm+n,rδα,−β , m = 0, . . . , r − 1 ,
(Eα˜, Eβ˜) = δα˜,−β˜ , α˜ ∈ Rl ,
(emk , e
n
j ) = δ
m+n,rδj,k .
(C.17)
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For g =sl(2n + 1) (A2n) the invariant subalgebra g0 = Bn.
g = g0 ⊕ g1 , g0 = so(2n + 1) ,
The outer automorphism in the fundamental representation of the algebra sl(2n + 1) can be
defined as
ν(x) = −JxTJ , J =

 0 0 j0 1 0
−j 0 0

 , j = (Ek,n−k+1) . (C.18)
The anti-invariant part has the form
g1 =

 A X˜T BY 0 X˜
C Y˜ T A˜T

 , A˜ = jAj , X˜ = Xj , Y˜ = Y j , B = −B˜T , C = −C˜T .
The root system of g0 is R˜Bn = Rl ∪Rs, where the short and long roots are
Rl = {α˜ = 12(α + ν(α)) |α 6= ν(α) and (α, ν(α)) = 0} ,
Rs = {α˜ = 12(α+ ν(α)) |α 6= ν(α) and (α, ν(α)) 6= 0} .
(C.19)
Let ht (α) be the height of α ∈ R. The root spaces of g0 are
Eα˜ =
{
Eα − (−1)ht (α)Eν(α) α ∈ Rl ,√
2(Eα − (−1)ht (α)Eν(α)) α ∈ Rs .
(C.20)
The other root subspaces are
t1α˜ =
r−1∑
j=0
(−1)jEνjα . (C.21)
In the representation (C.18)
Rl = {α˜ = 12 (ej ± ek − (e2n+2−j ± e2n+2−k)) , j = 1 . . . , n} ,
Rs = {α˜ = 12(ej − e2n+1−j) , j = 1 . . . , n} .
(C.22)
Eα˜ =


Ejk − E2n+2−k,2n+2−j α˜ ∈ Rl ,
Ej,n+k − E2n+2−k,2n+2−j α˜ ∈ Rl ,
En+k,j − E2n+2−j,2n+2−k α˜ ∈ Rl ,√
2(Ej,n+1 − En+1,2n+2−j) α˜ ∈ Rs ,√
2(En+1,j − E2n+2−j,n+1) α˜ ∈ Rs
(C.23)
t1α˜ =


Ejk + E2n+2−k,2n+2−j long roots ,
Ej,n+k + E2n+2−k,2n+2−j long roots ,
En+k,j + E2n+2−j,2n+2−k long roots ,√
2(Ej,n+1 + En+1,2n+2−j) short roots ,√
2(En+1,j + E2n+2−j,n+1) short roots .
(C.24)
The twisted canonical basis in h ⊂sl(2n+ 1) is
e0k =
1√
2
(ek − e2n+1−k) , e1k =
1√
2
(ek + e2n+1−k) , (k = 1, . . . , n) . (C.25)
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The expressions (C.23)-(C.24) define the basis in g =sl(2n + 1) with the Killing form
(Eα˜, Eβ˜) = 4δα˜,−β˜ , α˜ ∈ Rl ,
(Eα˜, Eβ˜) = 8δα˜,−β˜ , α˜ ∈ Rs ,
(t1α˜, t
1
β˜
) = 4δα˜,−β˜ , long roots ,
(t1α˜, t
1
β˜
) = 8δα˜,−β˜ , short roots ,
(emk , e
n
j ) = 4δ
m+n,rδj,k .
(C.26)
We pass from the canonical basis (C.15), (C.25) in h0 to the basis of simple coroots
Π˜∨ = {Hα˜j ≡ Hj =
2α˜j
(α˜j , α˜j)
, α˜j ∈ Π˜ , (C.4)} (C.27)
Let Ξ be the system of fundamental weights of g
Ξ = {̟1, . . . ,̟l | 〈̟j , αk〉 = δjk , αk ∈ Π} . (C.28)
Then the fundamental co-weights Ξ˜ of the invariant subalgebra g0 are defined as
˜̟ ∨j =
{
̟∨j , if ν(αj) = αj ,∑r−1
m=0 ν
m(̟∨j ) if ν(αj) 6= αj
(C.29)
The system Ψ˜∨ = { ˜̟ ∨j } is dual to the system of simple roots Π˜ of g0 (〈 ˜̟ ∨j , α˜k〉 = δjk).
Let P˜∨ be the coweight lattice of g0 generated by the fundamental coweights
P˜∨ =
n∑
j=1
mj ˜̟
∨
j , mj ∈ Z , (C.30)
and Q˜∨ ⊆ P˜∨ is the coroot lattice
Q˜∨ =
n∑
j=1
mjα˜
∨
j , mj ∈ Z . (C.31)
It follows from (C.6) and (C.29 ) that both lattices are ν-invariant
ν(P˜∨) = P˜∨ , ν(Q˜∨) = Q˜∨ . (C.32)
Moreover, P˜∨ ⊂ P , while Q˜∨ * Q.
Let
C˜+ = {x ∈ hR0 | 〈α˜, x〉 > 0} . (C.33)
be the positive Weyl chamber and W0 is the Weyl group generated by the reflections of the root
system R˜. Then any regular element of ℜe h0 belongs to the W0-orbit of u ∈ C˜+.
By means of Q˜∨ and W0 define affine Weyl group W˜a
W˜a =W0 ⋉ Q˜
∨ (C.34)
acting on ℜe h0 as
x→ x− 〈α˜, x〉α˜∨ + kβ˜∨ , α˜∨ , β˜∨ ∈ R˜∨ k ∈ Z . (C.35)
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The Weyl alcoves are connected components of the set hR0 \ {〈α˜, x〉 ∈ Z}. Their closure are
fundamental domains of the W˜a-action. The group W˜a acts transitively on the set of the Weyl
alcoves.
By means P˜∨ define the semidirect product
W˜ ′a =W0 ⋉ P˜
∨ ⊇ W˜a . (C.36)
The connected components of the quotient ℜe h0/W˜ ′a are alcoves
C˜ ′alc = ℜe h0/W˜ ′a . (C.37)
The quotient group Z˜ = P˜∨/Q˜∨ ∼ W˜ ′a/W˜a. These groups have the structure
Z˜(G) =
{
Z2 g = A2n+1 , Dn+1 ,
Id g = A2n , D4 , E6 .
(C.38)
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